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XVIII. 

SURFACES OF THE SECOND ORDER, AS TREATED 
BY QUATERNIONS. 

THE THESIS OF A CANDIDATE FOB MATHEMATICAL HONORS CONFEEEED 
WITH THE DEGREE OF A.B., AT HARVARD COLLEGE, AT COMMENCE- 
MENT, 1877. 

By Abbott Lawrence Lowell. 

Presented by Professor Benjamin Peirce, Jan. 9, 1878. 

The surfaces of the second order, or Quadrics, as they are very 
commonly called, present by far too great a field to be investigated in 
every part in any single thesis. I have therefore chosen only a few 
branches of the subject ; and I have been guided in the selection chiefly 
by a desire to avoid, as much as possible, those portions of the subject 
which have been the most thoroughly treated by Hamilton. With 
this object in view, I have passed over entirely the vast field of foci 
and confocal surfaces, and have touched but slightly upon cyclic nor- 
mals and asymptotic cones. I have been especially attracted to con- 
sider the relations existing between the various conjugate lines and 
planes of any quadric, and the general relations which the different 
classes of quadrics bear to each other. 

It has also been my object to exhibit that variety of expression 
which is so peculiar to quaternions, by approaching all questions from 
more than one point of view. With this idea, I have studied many 
of the cases arising under the self-conjugate function q>Q under both the 
cyclic and the rectangular forms, showing how these forms give dif- 
ferent expressions to the same result. And finally, considering it a 
great advantage to be as general as possible in the treatment of any 
mathematical subject, I have tried to keep the self-conjugate function 
under the general form <$q, without attending to the special forms of 
the terms which ccjnpose it. 

The equation, Spg)j> = constant, 

where cpg is any vector function of q, represents in general a surface ; 
for if we write 

q = xi -f- yj -|~ zk, 
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and if we assume any arbitrary values for x and y, we shall have a 
scalar equation to determine the corresponding value of 2. Our equa- 
tion, then, represents a surface for the same reason that any one equa- 
tion between Cartesian co-ordinates represents a surface. It is almost 
needless to add that, since (pg may be any vector function of g, the 
converse proposition is true : that any surface may be expressed by an 
equation of the form 

Sg(pg = constant. 

The degree of the surface is higher by unity than the degree of the 
function (pg, — understanding, as usual, by the degree of a surface the 
greatest number of times it can be cut by a right line. For suppose 
that (pg is of the n' b degree, and we want the intersections of the sur- 
face with the line, 

g = xa. 

(pg may be divided into the sum of vector functions, each of which 
is homogeneous with regard to g, the highest being of the n th degree. 
We shall thus have 

Sg<pg = Sg(p'g -\- Sgcp"g -f- &c. 

= TgTy'g cos <P p + TgTtf'g cos <j lp + &c. = c. 

Now we may substitute xa. for q in this equation. But cos < £ 
depends only on the direction of q and (p'g, and since we may write 

<p'q = (jp'(T e U e ) = T» e9 ,'(U e ), 

the direction of g/p depends only on that of q. Hence, the cosines in 
the above equation are independent of x. 

Now Tqpp contains x to the same degree in each term as it does q ; 
that is, to the n th degree in the highest term. Thus the equation 

TgTcp'Q cos <f p + T e T<p" Q cos <f, p + &c. = e 

is an algebraic equation of the degree (w -|- 1), which gives (n -\- 1) 
solutions for x, or (n -\- 1) distances at which the surface is cut by 
the line 

q = xa. 
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A surface of the second order may then be represented by an equa- 
tion of the form 

Sgcpg = c, 

where qi i% a vector function of g of the first order. 

The most general form of such a function, (pg, will be a function 
homogeneous in g plus a constant vector y. But the homogeneous func- 
tion is equivalent to a self-conjugate function cp g, plus a term of the 
form Vig (Hamilton's Elements, § 349, (4) ; Tait, § 174). Now we 
see that 

Sgcpg = Sg(%g + Veg -\- 2y) = Sq%q -f- 2 Sj-j = c, 

writing in the 2 merely for convenience. That is, the homogeneous 
part of the function may be taken as self-conjugate. If we can next 
transform the origin to such a point that y disappears, the surface will 
be represented by the equation 

Sq<Po8 = c > 

and in this case all the variable terms will contain g to the second 
degree, so that satisfied by -f- g the equation will also be satisfied by 
— g ; i.e., the origin will be at the centre. To find this point, write 
g -f- 8 for g, and (dropping the suffix of %g, but remembering that the 
function is self-conjugate) 

Sqcpq + 2 Sgcpd -f 2 Syg -f- SScpS -f- 2 Syd = c. 

The terms 2 Sjjqpo 1 and 2 Sj'p take the place of the old term 2 Syg ; 
and, in order that they may disappear, we must have 

Sg(cpS + y) = 0; 

or, since g may have any direction, 

{jpo" -)- 7 = 0. 

This is the condition that must be satisfied in order to transform the 
origin to the centre ; and it gives in general a single finite solution for 
8. I shall consider later the cases when this solution is indeterminate 
or infinite, and the corresponding form of the surface. 
Suppose now that the equation 

cp8 -|- 7 = 
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has been solved, and the centre found. Our equation then assumes 
the form 

Sgcpg = — S8<pd — 2 Syd + c, 

and we may write it Sg<$Q = c. 

By this proeess we have destroyed the three arbitrary constants 
involved in y, and left only the six belonging to the self-conjugate cpg 
(Ham. Elem., § 358). This is precisely what should happen, for the 
general equation of the second degree in Cartesian co-ordinates con- 
tains nine arbitrary constants, while by taking the centre as origin 
three of them are lost. 

If in the transformed equation 

SQVQ = c, 

the constant vanishes, the equation represents a cone, since we may 
give any value to the tensor of g, as the equation is homogeneous. 
This case also I shall consider later. If the constant term does not 
vanish, we can divide by it, and get our equation in the more con- 
venient form 

Sgy'g = 1, 

c disappearing into the new self-conjugate function q>'g. 
If we differentiate 

Sgqig = 1, 

we find (Tait, §§ 132, 251 c) 

Sg<pdg -j- Sdgcpg = ; 

and since cpg is self-conjugate, 

Sdgq>g =: Sgcpdg, 

or Sdgcpg = 0. 



vol. xiii. (n. s. v.) 
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But dg is in the direction of the variation of q at any instant. It is 
then in the direction of the tangent, at the extremity of q (Fig. 1) 
(Tait, § 36). 

dp 




Fig. 2. 

Now if we consider q fixed, but allow dg to vary, we may write (ra — q) 
for dg (Fig. 2), and the equation 

Sdgcpg = S(w — g)(pg = 

is that of a plane containing any tangent dg ; and, therefore, of the 
tangent plane. Since the extremity of g is on the surface, we have 

SgcpQ = 1, 

and the equation of the tangent plane may be written 

Sooijpp = 1. 

We see (Tait, § 205) that cpg is perpendicular to this surface, or, in 
other words, in the direction of the normal ; and if we take a) in the 
direction of cpg, or = xcpQ, 

Sxq>Q<pQ = x(<jpe) 2 = 1 ; 

1 +P 

... xm = - = -—, 

and this last is the perpendicular from the centre on the tangent plane. 

Conjugate Diameters and Diametral Planes. 

If we want to find a line to through the origin which bisects all 
chords parallel to another line a, (w -)- xa ) ar "d ( w — xa ) must both 
terminate in the surface : that is, to must satisfy the equation 

S(w ± xa)cp(a> ± xa) = 1, 

where a: is a scalar. Now, if we develop this equation, we find 

Scoqcw -|- x^Sacpa ± 2 x Soxjoa = 1. 
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But this is evidently impossible, unless 

Soxjpof = 0. 

The locus of oo is, then, a plane perpendicular to (pa and passing 
through the origin. It is also parallel to 

Sgcpa = 1, 

which is the tangent plane at the extremity of a vector through the 
origin parallel to «. Conversely, if 

Scoqia = 0, 

the locus of w is a plane bisecting all chords parallel to a, because 
some x, a scalar function of a>, can evidently be found, such that 

S(to ± xa.)(f(m ± xa) — 1. 

Since (p is self-conjugate, we have 

SaqDca = Swqpa = 0, 

so that the relation is reciprocal; and if oo be constant, and a vary, 
the locus of the latter is a plane parallel to the tangent plane at the 
extremity of a diameter parallel to a>. If |S is any vector lying in the 
first plane, our two planes will be denoted by 

Smcpa = 
and 

SacpP = 0, 
and we have 

' Sayfl = Sj3g>« = 0. 

The intersection of the two planes is Vqiacpfl, because this satisfies both 
equations : for 

Scpacpfiqsa = = Scpn<f(lcp^. 
And, denoting this intersection by y, we see that 

Soupy = Syqpa = 0, 
and 

Sftp/ = 8yq>p = 0. 
Now 

Saxpy = 
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is the equation of a plane through the origin perpendicular to qiy, and 
bisecting all chords parallel to y. But such a plane must be that of 
a and |3, for 

S(xa -(- yft)qiy = xSacpy -\- ySfiyy = 0. 

Thus we have a system of three planes, each of which bisects all 
chords parallel to the intersection of the other two. Hence, if thre.p 
vectors a, |3, y are such that 

ScupP =0 = Sfoa, 

Soupy = = Sygia, 

S£g>7 = = Sy<p(S, 

the diameters parallel to «, |3, y are conjugate diameters, and the planes, 

Sooqp« = 0, Saxpfi = 0, Scocpy = 

are conjugate diametral planes. The above equations, which may be 
written in the form 

cos < *° = 0, cos < ** = 0, and cos < ** = 0, 

give three conditions for determining the directions of a, (3, y ; since 
the direction of qig depends only on the direction of q. But three 
■directions involve six arbitrary constants, of which we see that three 
may be selected arbitrarily. Thus, if one diameter, or one plane, be 
chosen, the other two can still be taken in an infinity of ways. 

Again y, for instance, bisects all chords through it parallel to the 
plane of « and ji ; because, if d = act. -\- b$, 

Sycpd = aSyya + bSyyfi = 0. 
Hence the equation 

S(»?7 ± x$)(p(my ± x3) 

= m?Sy<py -f x*&dcpS ± 2 mxSy<p3 
= m?Syq>y -f x*S8<pd = 1, 
is satisfied by equal and opposite values of *. 
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Principal Diameters. 

For any self-conjugate function qpo, there are three real directions 
at right angles to each other, and in general only three directions, for 
which q>Q is parallel to p (Ham. Elem., § 354). We have already 
seen that <pp has the direction of the normal at the extremity of q. If, 
then, o is in any one of the three rectangular directions for which <pg 
is parallel to p, its tangent plane must be parallel to the plane of the 
other two ; which must therefore bisect all chords parallel to p. These 
three directions are, therefore, those of a set of conjugate diameters. 

We can see the same thing in a purely analytical way. Let i,j, k 
represent unit-vectors in the three rectangular directions determined 
by the above condition ; and let (pi = — Cji, <pj = — e a j, <pk = — 
cjc. Then 

s%' = — e 2 s«y = o, 

Sj<pk= — c t Sjk=0, 
Skcpi = — CjSki = 0. 

Conversely, if a, p\ y are mutually rectangular, they must be respec- 
tively parallel to <pa, <p§, <py. There is thus one set, and in general 
only one set, of conjugate diameters which are mutually rectangular. 

The- reciprocals of the scalar coefficients c v c 2 , c 8 , are the squares of 
the semiaxes of the quadric ; for 

Spqpp = T 2 pS«(jpa, 

where a is an unit vector in the direction of p. But in the direction 
of a principal diarneter, as i : — 

T\>Su<pa = — T^Sicj = Cl T 2 p = 1. 
Hence, To = -?*■, 

and the semiaxis is c{~i i. In the same way, the t>ther semiaxes are 
cf ij and c 3 — l k. 

If one of the c's is negative, its square root is imaginary, and there- 
fore the radius vector does not cut the surface in that direction, and 
the quadric is a single sheeted hyperboloid. If two c's become negative, 
only one of the principal axes really cuts the surface, which is a dou- 
ble sheeted hyperboloid. If all three c's are positive, the surface is cut 
in real points by all three axes, and the quadric is an ellipsoid. But 
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if all the c's are negative, there are no real semiaxes, and we get the 
so-called imaginary ellipsoid. 

It is well known (Ham. Elem., § 354; Tait, §§ 163, 164) that the 
three c's are the roots of an algebraic cubic, and are always real. We 
shall find it convenient to take these roots in the algebraic order: 
Cj<c 2 <c 3 . The general scalar equation, 

Sqcpq = 1, 

where qp is self-conjugate, may be written in the rectangular form : — 

C] SHq + c 2 S*j e + c s S*k> = 1. 

If any two roots, as c 2 and c s , are equal, a plane 

Sig = m 

perpendicular to the third direction (t) cuts the surface in the circular 
section, 

C 2 S % + C 2 S% P = 1 — <yra 2 . 

So the quadric is a surface of revolution. If all the roots are equal 
— and this, of course, can only happen in the case of an ellipsoid, — 

CjSHq + C^JQ + CjS'kQ = 1, 

and therefore SHq + S"jq -+- S*kg = -, 

or, Tq (cos 2 < *" + cos 2 < J -\- cos 2 < h ) = T\ = -, 

and T ^=^- 

The surface is then a sphere with e x — J for a radius. 

If the constant term vanishes, we have already seen that the surface 
must be a cone. Neither of the principal,, diameters can be in the 
direction of a side of the cone ; for, if 

q = xi 
for instance, we find 

CjSHxi = a: 2 ^ = ; 

and therefore x = 0. 
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Poles and Polar Planes. 

To find the locus of the point of harmonic division of radii through 
a point a, transfer the origin to that point, and the equation 

Sgqig = 1 
becomes 

Sgqig -f- 2 Sgtpa -\- Socqpa = 1. 

Let the vectors of the surface on any line passing through the new 
origin be g' and g", and let their harmonic mean be g. We must have 
then 

Tp Tp' ~ Tp" 
If, now, we take g in the direction p 1 , the equation of the surface 

D6C0 HI 6 S 

Te 2 SjS<j>|3 + 2T e Sp>« + Sagsa = 1. 

Tp' and Tp" are the roots of this quadratic ; and applying to it the 
well-known principles of quadratics, we have 

_2 L _1_ _L Tp" + Tp' — 2 Sflftq _^ Stupa — 1 — 2 Sfrpq 

Tp Tp' I Tp" Tp'Tp" S0<t>& ~ S^jS So^>o — 1 ' 

which gives 

TpSp^a =1 — Saqpa; 

or, since /3 is the versor of p, 

Spqpa -J~ Sacpa = 1 ; 

which is the equation of a plane, the polar plane of the new origin. 
Transfer back to the former origin, by substituting g — a for p, and 
we find 

Spqpa = 1 

as the equation of the polar plane of «. 
This last equation can be written 

Saqpp = 1, 

and by changing the variable we get, of course, the polar plane of p. 
So we see that, if a is on the polar plane of p 1 (SoMpp 1 = 1), p 1 is on the 
polar plane of a (S(3q>a = 1). 

We have found that the equation of the tangent plane at a point g is 

Swqpp = 1. 
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If we consider o) fixed and q variable, we shall find the equation of a 
plane containing all the points where tangents from op meet the surface. 
But this 

Sgqim = 1 

is the same equation that we have just found for the polar plane of w. 
And this is indeed what we should expect, for if two radii vectores 
from co become equal, their harmonic mean is equal to each of them, 
and must reach the surface where they do. We see that the polar 
plane of any point on a tangent plane must pass through the point 
of contact, and that the polar plane of any point cuts the surface in 
the locus of the points of contact of tangent lines drawn from that 
point. 

Relations between Polar Planes and Conjugate Diameters. 

The function qig is, as we have seen, not changed in direction 
by varying the tensor of q. The polar planes, then, of all points in 
the same straight line from the origin are parallel, for they are all 
represented by 

Sgcpa = 1, 

where the tensor only of a varies. But the polar plane 

Seq>a = 1, 

where a is a vector of the surface, becomes a tangent plane ; and this 
is parallel to 

Sgcpa = 0, 

the diametral plane bisecting all chords parallel to a. Hence, we find 
that the polar plane of any point is parallel to the diametral plane con- 
jugate to the diameter passing through the point. From another prop- 
erty of conjugate diameters, it is seen that the diameter through any 
point bisects all chords that it meets parallel to the polar plane of that 
point. Again, 

SaqiQ = 1 
is the same as 

Sa(<pg — a- 1 ) = 0; 

and, in order that this should be equal to 

SaqiQ = 0, 

a — 1 must vanish and a become infinite. Thus, in the same way that 
a tangent plane is the polar plane of a point on the quadric, a diame- 
tral plane is the polar plane of a point at infinity. 
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From the relation between polar planes and conjugate diameters, 
it is evident that, there are three rectangular directions for which the 
polar plane of a point is perpendicular to the vector from the origin to 
that point. It is, perhaps, needless to add that in cases where two 
of the roots c v c 2 , c 3 are equal, — that is, where the directions for which 
epQ is parallel to q, degenerate into one vector and any two in a plane 
perpendicular to it, — the directions for which central radii and polar 
planes are perpendicular degenerate in the same way, and we have 
surfaces of revolution. 

In the central equation of the cone, we have already noticed that 
the constant term vanishes. If, now, we take the general central 
equation of the cone in the form 

Sq<j>q = 0, 

a tangent plane to the surface at any point a is represented by 

Soya = ; 
but this is satisfied by 

e = o. 

Every tangent plane to a cone, then, passes through the centre, or 
vertex. The equation of the polar plane of any point is 

So<pu = 0, 

and this also passes through the centre. It is parallel to the diametral 
plane conjugate to a, and since both of these planes pass through the 
centre they must coincide. Indeed, both are represented by the same 
equation 

Socpcc = 0. 

We see, moreover, that this is the polar plane of all points on the line 

q = xa, 
because all such planes are parallel and all pass through the origin. 

Cyclic Normals. 

I wish to say only a word about these remarkable vectors, in order 
to show the connection between the equation of the central quadrics 
and the self-conjugate part of that of the paraboloids. . If we take 
the cyclic transformation of the equation 
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c = Sq<pq = gg 2 + SgYlgp 

— 9Q* + Sp(— gSlfi + *S W + fiSlg) 

and if we cut the surface by planes perpendicular to X or (i, — i.e., by 
the planes 

SXq = c', 



we find 



S W = c", 

(g — Sty) e 2 + 2 c'S W = c, 

— S W + 2 c"S^ = c, 

either of which is a sphere whose intersection with the plane is a cir- 
cle. This would still be true if c should vanish, and the quadric 
become a cone ; the only difference being that in this case the origin 
would be on the surface of the sphere. 

Tangent Cone. 

The plane passing through all the points of contact of tangents 
from a to the quadric 

Sq<Pq = 1, 

is the polar plane of a, as we have seen, and its equation is 

Sgcpa = 1. 

A surface of the second order tangent to the quadric along its inter- 
section with this plane will be represented by 

Sgyg — 1 + x(Sgq,u — l) 2 = 0. 

If this surface pass through «, its equation must be satisfied by a, and 
therefore 

Saqwx — 1 + x(Sucpa — l) 2 = 0, 

and this gives 

x ■■ 



(So^a— 1)' 

Substituting this value of x, we obtain the equation 
(S W — 1) (Saqpa — 1) — (Sgy* — l) 2 
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Transfer the origin to a, and this becomes 

(Spgjp -J- 2 Soya -f- Saqpa — 1) (Saqpoc — 1) — (Soya -\- Saqpa — l) 2 
= Seqpg(Sa<pa — 1) — (Soya)* = 0. 

This equation represents a cone referred to its centre, because every 
term contains q to the second degree. It is, then, the tangent cone from a. 
If in the equation of the polar plane 

Socpa = 1 

a vanish, no finite value of g will satisfy the equation, and the polar 
plane of the origin is seen to lie at infinity. The tangent cone from 
the origin must therefore meet the quadric at infinity, and becomes 
what is called the asymptotic cone. The equation of this cone is read- 
ily obtained by substituting 

« = 
in that of the tangent cone 

Sgq>g(Sa<pa — 1) — (Sp<pa) 2 = 0, 
which gives 

Sgyg = 0. 

The rectangular transformation for this is 

c^ag -\- c^a^ + c 3 S 2 a 3 e = 0, 

and it can only be satisfied by real finite values of g, where one or 
more c's are negative, and the quadric an hyperboloid. In the case of 
the real or imaginary ellipsoid, the c's are all of the same sign, and the 
asymptotic cone is reduced to its vertex, for its equation is only satis- 
fied by 

,=0. 

The reality of any cone depends of course, in the same way, on the 
difference of the signs of the roots of <pg. Any cone may, then, be 
regarded as the limiting case of an hyperboloid which is degenerating 
into its own asymptotic cone. 

This idea leads us to consider how one form of surface of the second 
order may, by the modification of the constants in its equation, pass 
by imperceptible degrees into some different form. 

When any root of a central quadric vanishes, the surface becomes 
indeterminate in the direction of that root, and thus degenerates into a 
cylinder. If c v for instance, vanishes, we have 
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and this represents a cylinder; because to any radius vector q we can 
add xa v where x is any scalar. But what is to become of the asymp- 
totic cone in this case ? It must also be indeterminate in the same 
direction, and yet it must still retain the property that all radii vectores 
must lie wholly in its surface. The only surfaces of the second order 
of which this can be true are pairs of real or imaginary planes. 

The quaternion expression for this is very interesting. If the neg- 
ative root of a single-sheeted hyperboloid or either root of an ellipsoid 
vanishes, the quadric is represented by the equation 

c 2 S 2 «2? + c 8 S 2 « 3 (? = 1, 
and becomes an elliptic cylinder. The asymptotic cone 

or 

c a S 2 oc 2 p = — c 3 S 2 <x 3 p, 
or 



V^S^p = ± V 7 — c s Sa s Q, 

becomes a pair of imaginary planes, containing only one real line, 

q = xa v 

the line of their intersection, which satisfies the equation because it 
makes both sides vanish. This may be considered a sort of interme- 
diate case, on a roundabout road, between the real (hyperbolic) asymp- 
totic cone and the imaginary (elliptic) one. 

If the positive root of a double-sheeted hyperboloid vanish, the 

surface 

Cj&Ctjg — c 2 S 2 <x 2 o = 1 

becomes an imaginary elliptic cylinder. The asymptotic cone 

— CjS^jp — e 2 S 2 a 2 p = 0, 
or 

V — cficCiQ = ± Vc 2 Sa 2 o, 

again represents a pair of imaginary planes, containing only one real 

line, 

q = xa 3 , 

this time at right angles to the former direction. 

If, finally, a positive root of a single-sheeted hyperboloid or a nega- 
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tive root of a double-sheeted one vanish, so as to leave the two actual 
roots with opposite signs, the quadric degenerates into 

CjSXe — CgSXg = 1, 

an hyperbolic cylinder. In this case, the asymptotic cone is 

CjS^jj) — c 3 S 2 a 3 j> = 0, 

CjSXe = egS a «s& 
or 

y/ejSajg = ± >/e 9 8ag, 

a pair of real planes tangent to the cylinder at infinity. 
When two roots vanish, 

c 3 S\q = 1 

represents two parallel planes, real or imaginary, according as the ac- 
tual root is positive or negative. The asymptotic cone 

c 8 S 2 a s e = 0, 
or 

Sa s Q = 0, 

is a plane — which we might call a double plane — passing through 
the origin and parallel to the pair of planes. These cases of degen- 
eracy of quadrics we are about to study from an entirely different point 
of view. 

Non-Central Quadrics. 

It has been already proved (page 224) that the centre of a quadric 
is found by solving for d the equation 

% 8 + 7 = °- ' 

Now the self-conjugate function may be treated under several differ- 
ent forms, such as the rectangular, cyclic, or focal (Ham. Elem., § 359, 
I., III., and V.). Of these, I shall, for the sake of generality, consider 
two, the rectangular and the cyclic, although the former is far more 
convenient than the latter. 
To solve the equation 

%»•+ 1 = °> 

I shall use the general formula (Ham., §§ 347-350 ; Tait, Chap. V.) 
mq = m(f~ x y = tn'y — m"(py -j- q?y, 
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where 

S<t>'\<t>'fup'v 

m — — — o; > 

m = s^ ' 

and 

Since the function we are considering is seif-con jugate, 

% — %'• 
Let us take first the rectangular form 

qp 8 = CjCSjSajS -j- e 2 a 2 S« 2 5 -j- c 3 a 3 Sc: 3 3 = — y ; 
and let 

«j = X, a 2 = ;<, and a. 3 =. v, 
then 

(pi = <jpa x = — c x a v 

<pii = <pu 2 = — e 2 « 2 , 
cpv z=cpa 3 — — c 3 a 3 . 

Snbstituting these values in our formulas, 

m — SojO^ — — W» 

S(a 1 .c 2 a. 2 .c 8 o, + c 1 a 1 .a 2 .c 8 n B + CiOj.C2O3.aa) 

*' = g^^ - Cfy + ^ + Va , 

S(— 0j.02.c5O3 — aj.C2O2.03 — CjO1.02.03) 
m » = ^^ = _ Cg _ C2 _ Cr 

And we find for the general equation of solution 

md = — CjC 2 c,8 = — (CjC 2 -f- CjC 3 -f- c 2 c 8 )j' — (c 2 -f c 2 + c 3 ) (c^Say 
+ c 2 « 2 Sa 2 j' + c 3 a s Sa s f) -f cfufiaj -}- cfaficttf -f c 3 4 a 3 Sa 3 7 

= — ( c i c 2 + c i c 3 + c 2 c s)7 — ( c i c 2 + VsKSajj- 

— ( C 2 C 3 + C 2 C l) »2 S «2?' — (Vl + e S e a) a S Sa »n 

and for the complete solution 
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This will evidently give a single finite value for d, unless one of the 
c's vanish. Take the most general case. Let y be in any direction, 
such as 

7 = — da. x — ga 2 — ka,. 
Then 

Sa-j = — dSa* = -\- d, 

Sa 2 y = -(- g, and Sa s y = -f- k, 
8 = (^ + \ + ^")(— d "i — S"*a ~ *«») + (£ + "£) da ^ + 

= dot, — — qa, — — ka„. 



Then if one root, say e v vanishes, the centre is at an infinite distance 
in the direction of a v but at a finite distance in each of the other direc- 
tions. Now let us substitute 

Cl = 0, 
and 

7 = — da i — 9 W 2 — *«3 

in the general equation of the second degree 

Sqcpq + 2 Syg = c = c l S i « 1 Q -f- c 2 S\q -\- c 3 S\g + 2 Syg. 

We find 

CjS 2 ^ -\- e 3 S 2 a 8 9 — 2 rfS«jp — 2 ^S« 2 p — 2 kSa^ = c. 

"We found that — a and —A were the distances of the centre in the 

directions of o^ and a s . To bring the origin into a line with the cen- 
tre in these two directions, substitute 

9 k 

e = « — ■£ "2 — -^ «a» 

and the equation takes the form 

c 2 S 2 «gO -j- c 3 S 2 a s p — 2 rfSctjp = c. 

This may be still farther simplified, by taking for origin that point 
where a x meets the surface. Let 

q = xa v 
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— 2 dSajX^ = -)- x 2 d = c, 

+ « 

a; = J — • 

2d 

Now substitute 

and we find 

c 2 S 2 a 2 ? + c 3 S2 «s? — 2 ds "ie + 2 rf 2j = c ' 

c 2 S 2 a 2 Q -f- CgS^Ojp — 2 dSctjg = 0. 

The quadric represented by this equation is an elliptic or hyperbolic 
paraboloid, according as the c's are alike or unlike in sign. Because if 
the surface be cut by a plane 

Sa 2 Q = c or S« g o = c 
perpendicular to either <x 2 or a 3 , the section is 

c 2 S 2 « 2 o = 2 rfSetjj) — c, 
or 

c a S 2 « 8 p = 2 rfSctjp — c, 

either of which is easily seen to be a parabola. But if cut by a plane 
perpendicular to a^ 

Sa^ = c, 
the section is 

c 2 S\q -f- c s S 2 a s g = —c, 

which is an ellipse or hyperbola, according as c 3 and c s are alike or 
unlike in sign. The sign of c shows the side of the origin in which 
the cutting plane lies, and determines whether the elliptic section is 
real or imaginary, or whether the hyperbolic section has its transverse 
axis parallel to « 2 or to a 3 . 

We have considered the case in which 

c x .= 0, 
and 

y = — da x — ga^ — ka s . 

Let us now go a step farther, and suppose d, g, or h to vanish, and let 
us first take it as the one corresponding to the root that has disap- 
peared. In this case 

d=0; 
and therefore 

7 = — 9<h — &V 
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The vector of the centre has been found to be 

* d 9 & 

o = a, cu — — a,. 

But, if both rf and c x vanish, the centre must be at a determinate finite 
distance in two directions, and at an indeterminate distance in the 
other. The general equation 

S@<M + 2 S 7Q = c 
becomes 

c 2 S 2 a 2 e + c a^> i( hQ — 2 5 ,Sa 2? — 2 * Sa sP = e - 
Reduce this to some point in the central line, by substituting 

g k 

e = Q — %** — ^"s- 

and our equation takes the form 

CjSV^p -)- c s S 2 a 3 o = c. 

This represents a cylinder, because we may add x« t to any vector 
without affecting the equation ; as, indeed, we can see by inspection 
of the unreduced form of equation for this case. We have thus found 
again, by a totally different process, the same case of degeneracy con- 
sidered on pages 235, 236, and 237. And in comparing our results we 
must remember that the function there called <pt>, and the one called cp^Q 
here, are exactly the same ; at least, with the exception that the former 
was multiplied by a constant, in order to make the constant term of 
the equation equal to unity. 

If, in the equation for the cylinder, 

c 2 S 2 «2p -f- c 3 S 3 «3g — 2 ffSa^Q — 2 kSdaQ = C, 

^1 ii 

the equation is a complete square, and equivalent to 

And this represents a pair of real planes, or a pair of imaginary planes 
with the real intersection 

q = *«!, 

according as c 2 and c 3 have like or opposite signs. But these condi- 
tions for the value of c are really the same that we found before, in 
vol. xiii. (n. s. v.) 16 
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order that a quadiic should degenerate into its asymptotic cone, and 
this is because if with this value of c we transfer the origin to the 
centre, 

9 & 

s = — r 2 ^ — ^^ 

we obtain an equation without any absolute term. If in the equation 

y = — da 1 —gu 2 — ka s 

g or h vanish, when c x alone of the roots disappears, it would merely 
indicate that the origin was already in a line with the centre as far as 
that direction is concerned. 

Suppose two roots, as c x and c % , vanish, and also the co-efficient of y 
in the direction of one of them, say d. The solution for the centre 
will then give 

d = — —da l — -rffa t — — hay 

c l c 2 c 8 

The centre is thus at an infinite distance in one direction, and at an 
indeterminate distance in another. This can only be true of a para- 
bolic cylinder. Let us see what the general equation of the second 
degree will give us in this case. 

c iS 2 «i? + c 2 S 2 a 2 ? + c a&\Q + 2 &YQ = c 
becomes 

CjS 2 ^ — 2 gSc^g — 2 kSa^Q = c. 

And by cutting this by planes perpendicular to a v a 2 , and «g, it can at 
once be proved to be a parabolic cylinder. By substituting 

Q — Q — — «s + f8_ « a , 

the equation can be reduced to its simplest form 

c 3 S 2 a 8 £> — 2 gSa 2 Q = 0. 

If, as a farther condition, we had 

ff=0, 

this last transformation would not be possible ; but the equation could 
be reduced to the form 

c s S\q = c, 
or 

v^s« 3 e = ± s/c~, 
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and would represent a pair of planes perpendicular to a 3 , and hence 
parallel to each other. 

For the sake of generality, I shall solve the equation for the centre, 
and examine a couple of cases arising under it, by means of the cyclic 
transformation. And although the result is far from satisfactory, yet 
the solution contains some points of interest, and is worth inserting in 
spite of its length. The well-known formula for this form of trans- 
formation is (Ham. Elem., § 357 (5)and (8)) : 

%Q = 9Q + V%* —(g — SXp) s + XSjtq + (iSXq, 
where it is found that if we take c 1 <e 2 <c 3 , 

c 2 = — 9 + S ty, 

C 1 z= — g — TXp, 

c s— — 9-\- TAfi, 
a x = U(n> — pTX), 
a, = UVXu, 

« 3 = u(n> + i/n). 

To solve 

9Q + VA0* = y 

(changing for the sake of convenience the sign of y) by means of the 
formulas of page 238. Let 

X = X, ft = ft, and v = y. 

Here, again, up is, of course, self-conjugate as before. Now we find 

<fl = S* + Ify, 

9V* = 91* + V> 

<P V = 97 + VJ W- 

And substituting these values : — 

S<fXq>p<pv = S(gX + I'fiigp + VXfl? + * s 7f* — 7 S ¥ + P s ty) 
= SfrV + 2 ^y + iSX°)(gy + JLS?p - 7 S^ + ^Sly) 

+ XY8yp — /ty^ — 2 gXyySXp — p^Sty + vec- 
tor terms) 

= S(g>.Xw — gXy.Xpy — fXfiy.SXp + XfiyiySXp). 
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From which 

m — g* — giy — g*SXp + lySty, 

= (g-SX^)^-Xy). 
To find m! 

%{l W yv) = S(Lfac -JVlXtf + ^ - ^V + fiSXy)) 

= S(X.(g 3 (iy + gfthSyfi — swSty + ^ySty -f gptXy -f /* 2 i 2 Sty 
— fXySXp + Xp*SXy)) 

= s 2 *w — j%iw) 

=-</ a Sfy*7 — gSlft.Slfiy. 
In the same way 

S(q)J..^.qp»') = # 2 Sfyt7 — yS^.Sl^y. 
But 

S(ga.g)jM') = S(jfl + *»(#« + ^)/ 

= S(g*lii + 2 ^y + ^V)y 

= /s Vr — xysxny. 

Hence 

m' = 2 g 2 — 2 ^Sty + g* — Xy = 3 g* + 2 ^Sty — Xy. 

To find m" : — 

SgA.ju.r = S(<pl -)- Xyjfi.y = gSX/iy 

SX.q>tJ..v =■ S2.(#f* -)- /x 2 A)y = 5'Siftj'. 
But 

Si.f<.g)«' = S(Lf<.($7 -J - ^S/v — ySfy* -j- j^Sty)) • 

= S(gXpy — SXp.Xfiy) = (g — SX[t)SXpy. 
And therefore, 

m" = <? + g + g— SXfi = 3 g — SX/i. 
To find q>*y, 

<V7=97 + * S W — 7 s V + f*Sty = gy + Vty* ; 
hence 

9 2 r = 997 = Ksr + vty«) + v(i(s7 + vxyn)p), 

= g*y + 2gVXyp + V(XVXyn. t i) 

= <ft + 2 <K>.S W - ySty + ^Sly) + ^X 2 S W 
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To find 

m"q>y = (Sg — Sty) (37 + XSfiy — j-Sty + /wSty), 

= 3 g*y + 3 grlS^ — 3 gySXp -\- 3 ^Sty — gySX/x 

— XSlfiSw + yS 2 ty — nSXftSly. 
We have then 

mcp - x y = «t5 = /»')' — w"q)y -f- qp 2 y = 3 # 2 y — 2 ^Sfyt — yjty 2 — 
3/7 — 3 glSn + * <^Sty — 3 ^Sl/ + ^ + 2 *1S W 

— 2 ^j-Sty + 2 fffiSly + ^"Spy + ty 2 Sty. 

= _ 7 xy _ ^s w — wSXy + ^ + fd«S w + ty 2 Sty 
= l(^«Sly - flrSw) + K**Sw - gSk r ) + 7<</ a - W 
And the complete solution for the centre is 

_ A(/. 2 SAy — gg/ty) + MtX'Sjuy - gSAy) + A(g - T\»)(g + TA M ) 
( 3 — SA,.) (</* - AV) = (<7 - Sam) (<7 - TA M ) (g + TaH 

From the values of c v e 2 , and c s given on page 243, we see that, as we 
found before under the rectangular form, 6 has a single finite value, 
unless one of the roots c v c 2 , or c 8 of <p Q vanishes. This cyclic solu- 
tion for d, because it contains no explicit rectangular vectors, is diffi- 
cult to use; and, indeed, often assumes a hopelessly indeterminate 
form. 

We can, however, obtain with sufficient ease in this cyclic form the 
equations of the paraboloids. It was found under the rectangular 
transformation that, in order that the equation of the second degree 
Bhould represent a paraboloid, we must have e 2 or c 1 disappear ; that is, 

g = Sty or g = — Tty. 
Let us consider the latter case. We know (Ham., § 357 (9), XXII.) 

SXqw — p 2 Tty = {(Sty?) 2 + (Sty.Tp + S^TI) 2 } X (Tty — 
Sln)- 1 = 2Sy e + c, 

if 9 = — Tty; 

for go 2 -\- SXquq = 2 Syo -f- c 

is a form of the general equation of the second degree, and therefore 
(Stye) 2 -f (SXqTh + S W TA) 2 = (Tty — Sty)(2 S re + c). 
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It is evident from the forms of the terms of the first member that the 
resolved parts of y in the rectangular directions UVty and TJ(XT(i -\- 
t*TX) can be eliminated by taking a new origin ; and the y reduced to 
the third direction U(XT[i — (iTX). 




Now 



-/c 



Fig. 3. 
T(XTfi — pTl) = TtyT(m — Ity) 



= 2 Tty sin £ < x = ^2 T 2 ty(l — cos'< x ), 

= V^(T 2 ty + Tty Sty)*. 
If k be the length of y, our equation becomes 

(Sty?) 2 + (StyT> + ShqTX)* 

= \/2"i(Tty — Sty)* T-i ty(StyI> — SpQTl + c) 

= v/2.iT-ity(Tty — Sty) i {S(tyT f t — fioTX) + c}. 

This is an elliptic paraboloid ; for, if cut by a plane perpendicular to 
Vty, or U(/lTf* -f" fT^)> the section is a parabola. But, if by a plane 
perpendicular to XJ(XT ft — jwTA) , it is an ellipse. 
To obtain the hyperbolic paraboloid, let 

c 2 = 0, g = Sty. 

The general cyclic form of the equation of the second degree, in this 

case, reduces to 

StyS^p = Syg -f- c. 

By a transfer of the origin in the plane of X and jw, y may be reduced 
to a direction perpendicular to that plane ; and our equation to the 

form 

SXoS/xq = raStyg -j- c. 
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Cut this by a plane perpendicular to YXfi, that is, by the plane 

SXfig = d, 
and we have 

SlgSpQ = c", 

which is an hyperbola. If now the surface be cut by planes perpendic- 
ular to one of the other axes Q. -\- fi) or (X — /*), the planes 



or 

our equation gives 



Sq(X + ft) = 

Sq(X — p) = 

± S 2 Xq = Slug + c. 



And these are both parabolas. These equations for paraboloids can be 
verified by substituting in the cyclic forms the value of I and fi in 
terms of c v c 2 , and c„, a v a 2 , and oe 3 , given in Hamilton's Elements of 
Quaternions, § 357, XX., and seq. 

In the general equation in 8, for finding the centre 

(g — Slfi)d + XS[id + ftSXS = y, 

if Cj and c 3 both vanish, and 

f = di -\- hk, 
we have 

— TXfi = SXp ; 

whence 1 = cos < 

X is then parallel to (i, and therefore 

2XSX8 = di -f hk. 

The centre must be at a finite distance in the direction of X, which is the 
same as that of *', at an infinite distance in the direction of k, and inde- 
terminate in that of j ; since we may add xj to 8 without affecting the 
equation. The surface must be a parabolic cylinder. Now, if h also 
vanish, k will be in the same condition as/, and 8 will be anywhere in 
a certain plane perpendicular to i. Let us study this case a moment, 
for it is the simplest of the non-central quadrics under the cyclic form. 
The general cyclic equation of the second degree 

(ff — SXh)q* + 2 SXoSfig = 2 S 7 q + c, 

in this case, assumes the form 

S*Xp = hSXQ + ft 
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But this can be reduced to the form 

S 2 ^ — SlflSlQ — SWSJltf -|- StfSXd = 0, 

for we only assume 

h = 810 + SXd 
and 

c. = — S)#8ld, 

and these are but two conditions to determine two unknown quantities. 
Our equation now becomes 

(SXq — S^)(S^ — SW) = 0, 

and may be decomposed into 

Sl(? - 0) = 
and 

Sl(g — 8) = 0. 

Two parallel planes perpendicular to X. 

Circular Sections. 

Almost the only things worthy of notice about the paraboloids are 
their planes of circular sections ; and these are interesting chiefly on 
account of their connection with the planes of circular sections of the 
central quadrics. 

Differentiating the equation of the paraboloid 

c 2 S 2 a 2 p -\- c 3 S 2 o^q = 2£Sa 1 e, 

we obtain that of its tangent plane 

2 CjSojoSojP'' -j- 2 c 3 Sa s eSa 3 {>' = 2kSa 1 Q l . 

At the origin, q vanishes, and dropping the accent of q', we get for 
the tangent plane 

Sotjj) = 0.- 

Now if we find a sphere with the same tangent plane, obtain the 
equation of the surface of the second order in which lies the intersec- 
tion of this sphere with the paraboloid, and finally discover the con- 
dition that this surface should degenerate into a pair of planes, we 
shall have the planes whose intersection with the sphere, and conse- 
quently with the paraboloid* will be circles. 
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Such a sphere will be represented by the equation 

for this has 

Sa^ = 

for a tangent plane at the origin. Its intersection with the parabo- 
loid is given by 

Ci&ag + c s S\q — - e a = ; 

a cone referred to its vertex. The cone will represent a pair of planes, 

if 

— k _ 

2 n ' 

for then 

c 2 (SVe + P 2 ) + c 8 S 2 «tf = 0. 

Now if we reduce to Cartesian co-ordinates by the substitution 
we find that 

C^f _ & _ y2 _ s2) + c ^ __ Q> 

-c 2 ( 3 * + z>)=-c 3 z>; 
and finally 

cj* = (c 3 — c 2 )z 2 . 

Since we can always take e 2 <c 3 , — whatever these roots may be, — 
the equation just found will be imaginary if c 2 and c 3 have opposite signs. 
The geometrical interpretation of which is that an hyperbolic parabo- 
loid can have no circular section : a fact almost self-evident. 
Let us substitute in the equation 

CjSJ 2 = (c, — c^z>, 

the cyclic values of c v c 2 , and c 3 (Ham. Elem., § 357, XXL), 

c 2 — Cj = TJ.ft + Sift 

c 3 — c 3 = TX/i — SXft. 

In the present case, Cj = ; and therefore 

<• Tau — S\u „ 1 — cos <* „ „ „ . , 
x 1 = -f— —f z 2 = £ z 2 = z 2 tan 2 i- < A 

= ** cot 2 (£©+*<*). 
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Now this represents two lines perpendicular to X and fi 

x=±zcot($Q + £<*)> 

or (vide Fig. 3, page 246) 

x = z cot (4 Q + <;), 
and 

* = zcot(i 9 + <£). 

Introducing _/ with an indeterminate co-efficient, we have two planes 
perpendicular to 1 and ft, cutting the surface in circular sections. And 
this result we should be led to expect from the fact that the paraboloid 
is a' limiting case between the ellipsoid and the hyperboloid. 

This one example is sufficient to show that, with the property of 
self-conjugation, the general equation of the second degree loses that 
simplicity of expression which makes quaternions so singularly appli- 
cable to the central quadrics. The very form of the self-conjugate 
function exhibits some of the fundamental properties of these central 
surfaces. The rectangular transformation depends on the principal 
axes ; the cyclic, on the relations of the cyclic normals ; while the 
focal shows at once the properties of the focal lines of the asymptotic 
cone. Other transformations could doubtless be discovered, embody- 
ing other well-known properties of these remarkable surfaces. 

Cambridge, May 28, 1877. 



